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• SR+GR: construct spacetime from set theory

• start with X = set of points, no distances between
points, angles, etc. defined

• no absolute simultaneity = “time is not absolute”

• add properties to X that satisfy theorems

• → differentiable 4-(pseudo-)manifold

• point particle in space → w:World line in spacetime
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SR+GR
• SR+GR: construct spacetime from set theory

• start with X = set of points, no distances between
points, angles, etc. defined

• no absolute simultaneity = “time is not absolute”

• add properties to X that satisfy theorems

• → differentiable 4-(pseudo-)manifold

• point particle in space → w:World line in spacetime

• point in spacetime → spacetime “event”

• SR: spacetime = w:Minkowski space

• GR: spacetime = a solution of the
w:Einstein field equations
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SR: Minkowski spacetime

x

y

(0,0)

p

(x,y)

d

O

p at (x, y), distance from observer at O is d
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SR: Minkowski spacetime

x’

y’

(0,0)

(x’,y’)

d

p

O

(

px′

py′

)

=

(

cos θ sin θ

− sin θ cos θ

) (

px

py

)

p at (x′, y′), distance from observer at O is d = unchanged
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SR: Minkowski spacetime
t

(0,0)

p

(x,t)

O

∆s

x

p at (x, t), w:invariant interval from observer at O is ∆s

where (∆s)2 = −(∆t)2 + (∆x)2
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SR: Minkowski spacetime

(0,0)

p

(x’,t’)

∆s

O

t’

x’

(

px′

pt′

)

=

(

cosh φ − sinh φ

− sinh φ cosh φ

) (

px

pt

)

p at (x′, t′), invariant interval from observer at O is ∆s =
(∆s)2 = −(∆t′)2 + (∆x′)2 = unchanged
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SR: Lorentz transformation

Λ(φ) :=

(

cosh φ − sinh φ

− sinh φ cosh φ

)

cosh φ := eφ+e−φ

2

sinh φ := eφ
−e−φ

2

w:hyperbolic function
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units: Λ only makes sense if same units for x, t, x′, t′
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Definition: 1 m := (1/2.99792458 × 108) s ≈ 10−8.5 s ≈ 3 ns

speed of light in a vacuum = c = 2.99792458×108 m
1 s

= 2.99792458×108
×(1/2.99792458×108) s

1 s
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SR: Lorentz transformation

Λ(φ) :=

(

coshφ − sinh φ

− sinh φ cosh φ

)

coshφ := eφ+e−φ

2

sinh φ := eφ
−e−φ

2

w:hyperbolic function

(

px′

pt′

)

= Λ

(

px

pt

)

units: Λ only makes sense if same units for x, t, x′, t′

Definition: 1 m := (1/2.99792458 × 108) s ≈ 10−8.5 s ≈ 3 ns

speed of light in a vacuum = c = 2.99792458×108 m
1 s

= 1 s
1 s = 1 (dimensionless)
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SR: rapidity φ vs velocity β
What is φ ?
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SR: rapidity φ vs velocity β
What is φ ?

observer A has worldline (x, t) = (0, t)
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SR: rapidity φ vs velocity β
What is φ ?

observer B has worldline (x′, t′) = (0, t′)

in A’s coordinate system, B’s worldline is:
(

0

t′

)

= Λ

(

x

t

)
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SR: rapidity φ vs velocity β
What is φ ?

observer B has worldline (x′, t′) = (0, t′)

in A’s coordinate system, B’s worldline is:

⇒
(

x

t

)

= Λ−1

(

0

t′

)

=

(

t′ sinh φ

t′ cosh φ

)
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(

x

t

)

= Λ−1

(

0

t′

)

=

(

t′ sinh φ

t′ cosh φ

)

⇒ x = t′ sinh φ
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)
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(

0

t′

)

=

(

t′ sinh φ

t′ cosh φ

)

⇒ x = t′ sinh φ = t′ cosh φ sinhφ
coshφ
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)
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(

0
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)

=

(

t′ sinh φ

t′ cosh φ

)

⇒ x = t′ sinh φ = t′ cosh φ tanh φ
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)
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(

0
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)

=

(

t′ sinh φ

t′ cosh φ

)

⇒ x = t′ sinh φ = t tanh φ
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What is φ ?

observer B has worldline (x′, t′) = (0, t′)

in A’s coordinate system, B’s worldline is:

⇒
(

x

t

)

= Λ−1

(

0

t′

)

=

(

t′ sinh φ

t′ cosh φ

)

⇒ x = t′ sinh φ = t tanh φ = βt

where velocity β := v/c ≡ v = tanh φ

0 · M ·Λ · β · cal · c ·Σφ · γ · t+ · x−· z · xy · SR | Riem · tens · max | EFE | Eq · Sch · FL | ADM · cac | SR+GR Feb–Jun 2011 – p.4



SR: calibration
Where does (x′, t′) = (0, 1) lie for observer A?
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SR: calibration
Where does (x′, t′) = (0, 1) lie for observer A?

Where does (x′, t′) = (1, 0) lie for observer A?

x

y

(0,0)

O

y’

x’

d 
= 

1

11

1

1

constant distance
d = 1 from (0, 0)
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SR: calibration
Where does (x′, t′) = (0, 1) lie for observer A?

Where does (x′, t′) = (1, 0) lie for observer A?

t

(0,0)

O
x

x’

t’

1
1

tim
el

ik
e 

in
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co
sh

φ

sinh φ

(∆
s)

2 =
−1

constant interval
(∆s)2 = −1 from (0, 0)

Λ−1

(

0

1

)

=

(

sinh φ

cosh φ

)
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SR: calibration
Where does (x′, t′) = (0, 1) lie for observer A?

Where does (x′, t′) = (1, 0) lie for observer A?

Can high φ push the t′ axis close to the x axis?
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SR: calibration
Where does (x′, t′) = (0, 1) lie for observer A?

Where does (x′, t′) = (1, 0) lie for observer A?

Can high φ push the t′ axis close to the x axis?
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SR: effect of Λ on x = t (photons)
What happens to a photon under Lorentz transformation?
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SR: effect of Λ on x = t (photons)
What happens to a photon under Lorentz transformation?
Observer A: photon worldline is the set of spacetime
events {(t, t) | t1 < t < t2} for some t1, t2
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SR: effect of Λ on x = t (photons)
What happens to a photon under Lorentz transformation?
Observer A: photon worldline is the set of spacetime
events {(t, t) | t1 < t < t2} for some t1, t2
(

x′

t′

)

=

(

cosh φ − sinh φ

− sinh φ coshφ

) (

t

t

)
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SR: effect of Λ on x = t (photons)
What happens to a photon under Lorentz transformation?
Observer A: photon worldline is the set of spacetime
events {(t, t) | t1 < t < t2} for some t1, t2
(

x′

t′

)

=

(

cosh φ − sinh φ

− sinh φ coshφ

) (

t

t

)

=

(

(cosh φ − sinh φ)t

(− sinh φ + cosh φ)t

)
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− sinh φ coshφ

) (

t

t

)

=

(

(cosh φ − sinh φ)t

(− sinh φ + cosh φ)t

)

⇒ worldline is x′ = (coshφ − sinh φ)t = t′ i.e. the set of
spacetime events
{(t′, t′) | (cosh φ − sinh φ)t1 < t′ < (cosh φ − sinh φ)t2}
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)

=

(

(cosh φ − sinh φ)t

(− sinh φ + cosh φ)t

)

⇒ worldline is x′ = (coshφ − sinh φ)t = t′ i.e. the set of
spacetime events
{(t′, t′) | (cosh φ − sinh φ)t1 < t′ < (cosh φ − sinh φ)t2}
• photon speed same in both reference frames
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)

=

(

(cosh φ − sinh φ)t

(− sinh φ + cosh φ)t

)

⇒ worldline is x′ = (coshφ − sinh φ)t = t′ i.e. the set of
spacetime events
{(t′, t′) | (cosh φ − sinh φ)t1 < t′ < (cosh φ − sinh φ)t2}
• photon speed same in both reference frames
• w:Michelson-Morley experiment (1887)
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SR: adding velocities
interstellar ark travels at β1 = 0.1 from Sun, sends out
rocket at β2 = 0.5; rocket’s speed β3 in Sun frame =?
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interstellar ark travels at β1 = 0.1 from Sun, sends out
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(

x

t

)

but Λ(φ2)Λ(φ1) = Λ(φ1 + φ2)
cf. rotation θ1 “plus” rotation θ2 = rotation θ1 + θ2
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but Λ(φ2)Λ(φ1) = Λ(φ1 + φ2)

so β3 = tanh (φ1 + φ2)
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1+ tanh φ1 tanh φ2
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(

x′′

t′′

)

= Λ(φ2)Λ(φ1)

(
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)

but Λ(φ2)Λ(φ1) = Λ(φ1 + φ2)

so β3 = tanh (φ1 + φ2) = β1+β2

1+β1β2

= 0.1+0.5
1+0.1×0.5 ≈ 0.57
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SR: Lorentz factor

Λ: alternative to hyperbolic trig functions
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SR: Lorentz factor

Λ: alternative to hyperbolic trig functions

Λ(φ) :=

(

coshφ − sinh φ

− sinh φ cosh φ

)

coshφ := eφ+e−φ

2

sinh φ := eφ
−e−φ

2

w:hyperbolic function
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SR: Lorentz factor

Λ: alternative to hyperbolic trig functions

Λ(β) :=

(

γ −βγ

−βγ γ

)

β = tanh φ

γ := (1 − β2)−1/2 =
Lorentz factor
γ = cosh φ
βγ = sinh φ
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SR: model summary

Minkowski spacetime: draw a correct diagram
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Minkowski spacetime: draw a correct diagram

Lorentz transformation (boost) Λ(φ) or Λ(β)
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SR: model summary

Minkowski spacetime: draw a correct diagram

Lorentz transformation (boost) Λ(φ) or Λ(β)

refuse the assumption of absolute simultaneity (time)
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SR: worldline time dilation
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SR: worldline time dilation
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cosh φ ≡ γ ≡ 1√
1−β2

> 1

worldline “time dilation”
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SR: worldline time dilation

(0,0)
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cosh φ ≡ γ ≡ 1√
1−β2

> 1

worldline “time dilation”

muons: mean lifetime
2197 ns ≪ 15 km
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SR: worldline time dilation

(0,0)

O

1

1

x
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t

sinh φ

co
sh

φ

cosh φ ≡ γ ≡ 1√
1−β2

> 1

worldline “time dilation”

muons: mean lifetime
2197 ns ≪ 15 km

time dilation ⇒ muons
can hit the ground
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SR: worldsheet space contraction
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SR: Doppler shift
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SR: Doppler shift
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⇒ relativistic beaming, e.g. AGN jets
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